In this article, we investigate the field-driven motion of magnetic fluids (ferrofluids) in ferromagnetic nanowire under the influence of its own inertia. We establish the results in the framework of modified Landau-Lifschitz-Gilbert equation of micromagnetism which comprise the nonlinear dissipation factors like dry-friction and viscous. We delineate the motion in both the dynamical regimes namely the steady-state and the precessional. In the end, the physical significance of the obtained results is discussed with an aid of numerical analysis. c 2015 The Authors. Published by Elsevier Ltd. Peer-review under responsibility of the organizing committee of ICCHMT -2015.
Preamble
Ferrofluids have been extensively used due to its wide range of applications such as in storage devices, automotive engines, biomedical sector and nuclear systems etc. In particular, the use of nanometer scale materials (nanofluids) in these applications becomes more relevant due to the less space consumption. Moreover, ferromagnetic nanowires play a significant role in the modern technological devices in which the data is stored as a pattern of magnetic domains (uniformly magnetized regions) along the wire (cf. [1] ). In the storage devices, reading and writing of the data is highly related to the formation and evolution of domain walls (DWs) under the action of the external sources. Domain walls are the thin transition zones which separate the domains in the medium. For the complete physical state-of-art about the ferrofluids and its applications, we refer the readers to [2, 3] Experimentally, it has been observed that DW motion experiences a phase transition as we gradually increase the strength of the external sources (magnetic fields or electric currents). For small value of fields (currents), the equilibrium wall profile shifts rigidly with a constant velocity along the wire axis which leads to a steady regime. The minimum value of the field (current) for which the wall motions take place in steady-regime is known as the threshold value. The maximum value of external sources for which DW motion remains steady is referred as Walker breakdown. As the field (current) exceeds the breakdown value, DW structure gets altered due to the internal deformation which leads to the oscillatory motion of magnetization configuration between Bloch and Néel wall structures. Such a dynamic regime is called precessional.
In this article, we consider a one-dimensional model of extended Landau-Lifschitz-Gilbert equation (LLGE) including the nonlinear dissipations which corresponds the motion in ferromagnetic nanowires. It has been observed that below the typical time scale (of the order of picosecond) LLGE violates. In this time domain LLGE is modified thorough an additional inertial term which describes the motion in a more realistic way (cf. [4] ). For the proposed model, we investigate the DW motion in both the dynamical regime and discuss the dependence of DW velocity over the material parameters under the influence of inertial effects. More precisely, by adopting a standard traveling wave profile we describe a Bloch type DW structure and study its motion in steady and precessional regime. Outline of this article is as follows:
In Section 2, we present the schematics of the considered model and exposit the governing equation. We derive an expression for the threshold and breakdown value of the static field for which the motion occurs in steady regime. The explicit expression of the time dependent average DW velocity has been derived in the precessional regime. In the subsequent Section 3, we illustrate numerically the analytical results obtained in Section 2. In the last Section, we conclude this article with the physical relevance of the considered model.
Characterization of DW motions

Considered Model
We consider an infinite ferromagnetic nanowire of circular cross section. The nanowire is supposed to have a homogeneous geometry and to be arranged along the e 1 -direction. The magnetization inside the medium is given by a unitary vector field m = (m 1 , m 2 , m 3 ):
where R represents the set of real numbers and e 1 , e 2 , e 3 denotes the canonical basis of R 3 . We assume the material is saturated and attains its saturation value. After renormalization, magnetization satisfies the physical constraint |m| = 1 at any point in the medium.
We consider the ferromagnetic material with high perpendicular magnetocrystalline anisotropy and assume the energetically preferred direction of spontaneous magnetization also termed as easy-axis along the e 2 -direction. We then subject this nanowire to a static magnetic field H a of strength h acting along the easy-axis i.e. H a = h e 2 . We assume the equilibrium profile of magnetization also referred as relevant configuration of magnetization is in the direction of easy-axis. To be precise, we take into an account a 180
• Bloch type DW of width λ separating the domains in which m ∼ e 2 as x → −∞ with the domain m ∼ − e 2 as x → +∞ as portrayed in Fig. 1 . 
Governing equation
The inertial Landau-Lifschitz-Gilbert equation which accounts the nonlinear dissipations is described as follows (cf. [5] [6] [7] ):
with (1) describes the dissipation of energy in the medium which includes three factors. More precisely, the first term denotes the classical Gilbert (linear) viscous dissipation, second term represents the nonlinear viscous dissipation reflecting the large angle magnetization precession in the dynamics (see [8, 9] ) and the third term exhibits the dry-friction dissipation which is due to the crystallographic defects in the metallic ferromagnet such as impurities and dislocations etc. The positive dimensionless constants ξ G , ξ v and ξ d stand for the classical Gilbert damping, nonlinear viscous and dry-friction coefficients respectively. γ = Mμ 0 (ge/m e ), being a positive constant defined in terms of permeability of the vaccum μ 0 , Landè factor g, electron charge e and the electron mass m e . The third term depicts the inertial effects in the system in which τ accounts for the relaxation time of the angular momentum characterizing the relaxation of magnetization acceleration from the inertial regime toward the precessional regime (cf. [1, 6] ).
Next, we define the term on the R.H.S. of Eqn. (1) which describes the precession of magnetization around the total micromagnetic effective field H e f f . The total effective field H e f f is connected with the micromagnetism energy E(m) with the relation H e f f = −∂ m E(m). The terms in the expression of H e f f come from the contribution of exchange energy, anisotropy energy, stray (demagnetizing) energy and applied (Zeeman) field energy respectively (cf. Sec. 3.2.7 in [10] and [11] ). The constant A is defined in terms of exchange constant A ex as A = 2A ex /μ 0 M 2 whereas β = 2K/μ 0 M 2 in which K accounts for the anisotropy constant which depends on the material property. Also e stands for the direction of the easy-axis.
In case of straight nanowire of infinite length with circular cross section, the expression for the stray field is given by −m 2 e 2 − m 3 e 3 . There are few favorable geometries for which we have an explicit expression for the stray field e.g. nanowires and uniformly magnetized ellipsoid (cf. [12, 13] ). For the ferromagnetic medium of other geometries we need to turn our attention towards numerical simulation.
In order to elucidate the DW motion in both the dynamical regime, we transform Eqn. (1) in spherical polar coordinate system using the unit magnetization vector of the form:
where θ(x, t) represents the angle with the easy-axis referred as polar angle and ϕ(x, t) denotes the azimuthal angle. By inserting Eqn. (2) in Eqn. (1), transformed equation is obtained in to the pair of PDE's:
Our prime objective is to understand the DW motion in the steady-state regime in which the DW rigidly moves at a constant speed v d with a fixed azimuthal angle ϕ = ϕ 0 . We assume the standard traveling wave profile to characterize the DW motion as considered in [11, 14, 15] .
Using Eqn. (4), Eqn. (3) returns the couple of ODE's of the form:
where the overdot represents the ordinary derivative with respect to the traveling wave variable μ. In order to derive an analytical expression of traveling wave solution m(x, t), we rewrite Eqn. (5) 2 as:
Eqn. (6) 1 together with the boundary conditions θ (−∞) = 0 and θ (+∞) = π (since m satisfies m ∼ ± e 2 as x → ∓∞) renders the following solution:
By substituting the value of θ (μ) in Eqn. (2), we obtain:
In order to establish the DW velocity in the steady-state regime in terms of static magnetic field and the parameters involved in the model, we substitute Eqn. (6) 1 in Eqn. (5) 1 which yields:
where,
With the help of Eqn. (8), we derive the standard expression of DW width λ which depends on the relaxation time τ.
We take the average of Eqn. (8) over the DW width (i.e. 0 ≤ θ ≤ π) and after some algebraic computations we obtain the following expression for the steady DW velocity v d with a DW of Bloch-type structure (ϕ 0 = π/2):
From Eqn. (6) 2 , we extract the Walker-type breakdown condition for the steady DW velocity v d :
Using the physical constraint that the steady DW velocity always remains positive i.e. v d ≥ 0, we get the range for the DW velocity in the steady regime as 0
With the help of Eqn. (9) and Eqn. (11), we derive an expression for the Walker-type breakdown value of the steady DW velocity and denote it as v * d :
From Eqn. (12), we notice that the Walker-type breakdown value of the steady DW velocity does not depend on the static field h and remains constant. In order to get the threshold value of the static magnetic field, we substitute the minimum value of DW velocity in the steady regime i.e v d = 0 in Eqn. (10) . We represent the threshold value of the static field by h and write it as:
By (10), we obtain the Walker-type breakdown value of the static magnetic field below which the DW motion remains steady. We denote this value as h * :
Therefore, we observe the DW motions in the steady-state regime are occurred for the range h ≤ h ≤ h * . On the other hand, when DW velocity does not satisfy the condition (11), a sharp phase transition occurs in the DW motion. In the new dynamic regime, DW motion are no longer steady and the entire DW structure oscillates. In this regime, magnetization precess about the easy-axis with a constant angular speed. This dynamical regime which possess such property is termed as precessional regime of motion.
Next, our aim is to establish an expression of the average DW velocityṽ d = v d in the precessional regime. In this regime dynamics occur at a constant angular speed (∂ t ϕ = σ(constant)) in such a way that the average value of sin 2ϕ is equal to zero (cf. [15] ). Taking into an account of Eqn. (6) 
We eliminate σ form Eqn. (17) to get the desired expression of the average DW velocity in the precessional regime.
From Eqn. (18), we observe that in the precessional regime the average DW velocity depends on the relaxation time τ.
In the subsequent section, we illustrate the analytical results and exposit the features of DW motion in different scenarios with an aid of numerical analysis.
Numerical results
To carry out the numerical analysis, we considered the value of material parameters as proposed in [16] . We consider the ferromagnetic material having saturation magnetization M = 3 × The steady DW motion in presence of inertial effects τ = 10 −10 s is portrayed in Fig. 2(b) . In contrast to the previous case, we can observe that the steady regime get narrowed and the Walker-type breakdown value of v d is decreased. Also, with an increase in ξ d , the shifting of steady DW velocity v d towards the magnetic field h is no longer in the linear way. On the other hand, as we increase ξ v , the order of nonlinearity in the variation of v d becomes larger as compared with the situation τ = 0 and it achieves the breakdown value at h * . Moreover, in the precessional regime the variation of time dependent DW velocity with the static field can be interpret from Eqn. (18).
Conclusion
In a nutshell, we consider a one-dimensional model of extended version of modified Landau-Lifschitz-Gilbert equation including the inertial effects. We examine the DW motion in two different dynamical regimes and distinguish between the features of DW motions in both the regimes. We observe that the motion in the case of ideal ferromagnets is much faster as compared to non-ideal ferromagnets in both the cases. Inertial effects play a vital role in positioning the DWs at an appropriate position along the magnetic nanowire to encode the data in a more efficient way. Therefore, it is desirable to study the DW motions under the influence of inertial effects for the enhancement of the storage devices.
